1 Kilasifikace pomoci kofent

Nadéle se budeme zabyvat pouze komplexnimi poloprostymi algebrami.
Lemmal. g, Lx gp, Vo, e AU{0}, a+ B #0.
Diikaz. Diky ad-invarianci Killingovy formy, pro libovolné X, € go, Xp € gg, H € go plati:
(o + B)(H)K (X, Xp) = (a(H) + B(H)) K (Xa, Xp) = K ([H, Xa], Xp) + K (X, [H, Xg]) =0
Protozea +B#0 = 3JHegy, (a+B)(H)#0 = K(Xu Xp)=0 O

Lemma 2. K|, = K], , . jenedegenerovandaVa € A, 31Hy € go, YH € go : «(H) = K(H, Ha),
tj. mdme vyjadfeni a(-) = K(-, Hy).

Diikaz. K je na g nedegenerovand = VH e gg, H # 0, 3X € g, K(H, X) # 0, zaroveii gy L
gu, Vo € A = VH e gy, 3X € go, K(H,X) # 0 = K je nedegenerovand na gy =
H — K(-,H) je izomorfismus gg a g =  31Ha a pro ztotoZneni gy a gj lze pouZit a(-) =
K(-, Hy). O

Lemma 3. Bud « € A. Potom —a € A a VX, € ga, VX 4 € g_n, [Xo, Xo| = K(Xp, X_2)Hy.

Ditkaz. « € A = gu # {0} = Vue Au{0j\{—a}, gy L go. Kdyby —a ¢ A, tj. g—n =
{0} = grlg = go={0}, spor. Takze g, # {0} aVX € g, YX_4 € g—o, VH € go plati:

K([Xa, X—a] = K(Xa, X—a) Ha, H) = K([Xa, X—o], H) — K(Xa, X—a) K(Ha, H) =
—

«(H)
= —K(Xa, [H,X_a] ) = K(Xo, X_a)a(H) = («(H) — a(H))K(Xg, X_g) = 0
—
—a(H)X_4
= [Xu X—n] = K(Xa, X_o)Hy = 0. O

Lemma4. Va € A, a(H,) = K(Hy, Hy) # 0.

Ditkaz. g—o L gg, VB € (AU {OD\{a}ag_n £ g = 3IX_p€g_n Xu€ g KXy, Xy) =
1 = [Xy Xy = Hy. Uvazujme ggy = +4cz0p+k = adx,, adx_
gpy invariantni.

adp, ponechévaji

a’

Trlgg, adn, = Trlg. ladx,,adx ,| =0

D (B+ka)(Hy) dim gg o = B(Ha) dim gy + a(Ha) ), kdimgg gy = 0.

keZ keZ
Pokud a(Hy) = 0 = PB(Hy) =0, VBe A = H, =0, spor s pfedpokladem « €
A («(H) = K(H,Hy), YHegg) = a(Hy) #0. O
Definice 1. Va € A definujeme T, := me Apy 1= B(Ty) = %7‘353

Naleznéme X+, € g+q spliiujici K(Xq, X—o) = ﬁ Pak plati:

[Xau X*lX] == K(Xuc/ Xﬂx)Ha == sz/ (1)
[TDCI Xirx} = 22X +4q - 2)

To jsou komutaén{ relace s{(2,C), konkrétné pro H = (§ %), X4 = (91), X= = (99).

Lemma 5. V nad C, dimV < +o, necht T,X1+ € L(V) spliuje [X4,X_] = T, [T, X+] =
+2X4 a pusobi na V ireducibilné. Potom H{Z)j}?;rg V=1 baze splijici Tv; = (r —2j)vj, X—vj; =

V41, X490 = j(r —j+1)vj_1, kder = dimV — 1.



Ditkaz. Te L(V) = JFveV,v#0,AeC, To=Av
T(X,v) = [T, X o+ X, To=2X,0+AX 0= (A+2)X 0

= Xv=0 v A+2e0(T) = po koneéné mnoho krocich ziskame vy € V, vy #
0, Tvg = Avg, X4vg = 0a polozime v; = X v, VjeN.

To; = [T, X_]X' " og + X_TX " 'og = —2X_ X log + X_TX Mg = - = (A = 2)XL0g = (A - 2j)y;

= pokud v; # 0 pak jsou to vlastni vektory T pfislusné raznym vlastnim &islam = Jk e
Nu{0}:v #0, 941 =0 = span{vy,...,vx}je podprostor V uzavieny vici T, X_. Indukci
ukdzeme Ze X1 v; = j(A —j+1)vj_q:

Xivy = XeX_vg = [ Xy, X_Jvg + X_Xyv9 = Tog = Avg

Xivp =X X vy =Top + XXy, = (A =2)v + Av; = 24 —2)1y

X+Uj = X+X_’0]'_1 = T"Uj_l + X_ (] - 1)(}\ - ] + Z)Z)]'_z =
= ((A=2+2)+ (- DA =j+2))oj1 = (j(A=j+2) —j) = j(A =]+ 1)vj
= span{vy,..., v} je uzavieny i vadéi X4 = je to invariantni podprostor ireducibilni

reprezentace = V = span{vy,..., v}, k = r, Xy0,41 = (r+1)(A —r)v, = 0, pFicemz
"07 ?é 0 = )\ =T. D

Lemma 6. Necht g poloprosta Lieova algebra, g jeji Cartanova podalgebra, A mnoZina kofend,
pak:
1. Va,BeA, 3p,qeZ,p<0<yq, {+ ktx}Z:p je neprerusend posloupnost kofent, pfipadné
0. Navic Zadné jiné kofeny tvaru f + ka neexistuji a plati

apy = B(Ta) = 252?‘; = Zli(;’i';“)) =—(p+q). 3)

2. x € A.Potomdimg, =1ap e Anspanfa} < B = +a.
3. Va,Be A, a+ B # 0. Potom [ga, gg] = gy p- (Pokud a + B ¢ A U {0}, je gatp = {0}.)
4. Vo, B € A, € = sgnag,. Potom p — e, p —2eun, ..., — ag,a jsou kofeny.
Ditkaz. a,pe A = 3Xpe gp, Xa € ga, X—a € g—g nenulovéaplati [(Xu, X—a] = Ta, [To, X4a) =

+2X 4. Oznatime V := span{(adxa)j (adx_a)kXﬂ j ke Z} C 9o = bigplusic 0+ ky @ Mame
adTaX/g = ‘B(T,X)X/g, takze

adr, (adx,)’ (adx ) Xg = (B(Ta) +2j — 2k) (adx, )’ (adx )" Xp.

=V uzavfeny vidiady,, adx,, : ady, = [adx,, adx__].

0= Tr|yadr, = Z (B(Tx) + 2j — 2k) dim span {(adxa)j (adxia)kXﬁ}
jk

(aan)j'H (adx )k+1 X/g = (adX,X)j [adxa,adxia] (adxia)kX‘B + (adxlx)j adxiaadxa (adxfk)kXﬁ =

= (adx, ) adr, (adx )" Xg+... espan{(adx,) (adx_,)* Xs}

—



P

= pro kazdé ziskané vlastni ¢islo ady, na V mame 1 vlastni vektor =  protoZe je to ire-
ducibilni reprezentace, dle pfedchoziho lemmatu plati r = dimV — 1, o (adr,|,) = {r,r —

2,...,-rt = {B(Tx) +2k}Z:p c{r,r—2,...,—r}, tedy

gg%;i;?g?_r } = B(Ta) =—(p+9).

Déle oznatime V := span{X_,} + —i—keNO Ok, takZe V je invariantni vzhledem k ady,, adr, .

0= Tt’|‘7 adTa = TI’|‘7 [adxa,adx_a] = — lX(T,X) + Z k lX(T,X) dimgka

keIN

=2 =2

= Dyenkdimgy,, =1 = gu=1 91, =0, Vk>2keN = ka¢A Vk=2 kelN.
PouZitim 7 misto a dostaneme ¢ ¢ A, Yk > 2, k € N. Necht B =ca, c ¢ Z, BUNO ¢ > 0 (jinak
x — —a), pak

q
B(Ty) =ca(Ty) =2c=beZ = c:g,be]N = {ﬁ+ka}z_p—{<z+k>a}k_p

Zarovennb = —(p+q), p<0<q = —p=0b,takZe
« b b 1

= spor s tim, Ze § ¢ A. Tim je dokdzan bod 2., zbytek bodu 1. dokaZeme sporem: Necht
H‘E = B+na, n < pvn > g, zkonstruujeme posloupnost z E € A a prepiSeme ji zpatky pomoci
{B +kzx}Z:ﬁ. Diky tomu, Ze dimg, =1, Va € A, musibyt {p,...,q} n{p,.... 0} =& = p>
q v q < p. Analogicky mame taky ag, = —(p + g), takze

P+i<p+p<2p<p+q (BUNO{ < p)

= @ap < Kap, spor. Tim je bod 1 dokédzan. Bod 3. plyne z ireducibility konstruované na V.
Zbyva tedy uz jen bod 4. BUNO agy >0, —ag, = (p+q9) = p<—apg<q = P—aguc
A. O

2K(Hg,Hay) ‘e

Definice 2. ag, = B(Ty) = ) = —(p + q) nazyvame Cartanova celd &isla.

Véta 1. (Weyl-Chevalleyho normélni forma) Bud g komplexni poloprosté Lieova algebra, go
jeji Cartanova podalgebra, A systém kofent. Pak g je direktnim souctem gp a jednorozmérnych
kofenovych podprostora g, = span{E,} a plati:

* [H,Ey] =a(H)E,, VH € go,
e [Ey,E_s] € g0, Va €A,
° [Ea, Elg] = NaﬁEa+ﬁ/ Na/g # 0 pro a, ‘3,0( + ‘B € A.

(Navic Ize volit E, tak, aby Nyg € Z, Nyg = —N(_4)(—p) = £(—p + 1), kde p < 0je nejmensi &islo
spliyjici B + pa € A, volba + je ¢astetné dana strukturou g a ¢aste¢né zaleZi na nas...)

Diikaz. Plyne z pfedchoziho lemmatu. O

Pozndmka 1. ProtoZe vime, Ze komutac¢ni relace ur¢uji g jednozna¢né (aZ na izomorfismus), mtiZzeme
tak klasifikovat vSechny poloprosté komplexni algebry.
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