
1 Klasifikace pomocı́ kořenů

Nadále se budeme zabývat pouze komplexnı́mi poloprostými algebrami.

Lemma 1. gα KK gβ, @α, β P ∆ Y t0u, α + β ‰ 0.

Důkaz. Dı́ky ad-invarianci Killingovy formy, pro libovolné Xα P gα, Xβ P gβ, H P g0 platı́:

(α + β)(H)K
(
Xα, Xβ

)
= (α(H) + β(H))K

(
Xα, Xβ

)
= K

(
[H, Xα], Xβ

)
+ K

(
Xα, [H, Xβ]

)
= 0

Protože α + β ‰ 0 ñ DH P g0, (α + β)(H) ‰ 0 ñ K(Xα, Xβ) = 0

Lemma 2. K|g0
= K|g0ˆg0

je nedegenerovaná a @α P ∆, D1Hα P g0, @H P g0 : α(H) = K(H, Hα),
tj. máme vyjádřenı́ α(¨) = K(¨, Hα).

Důkaz. K je na g nedegenerovaná ñ @H P g0, H ‰ 0, DX P g, K(H, X) ‰ 0, zároveň g0 K

gα, @α P ∆ ñ @H P g0, DX P g0, K(H, X) ‰ 0 ñ K je nedegenerovaná na g0 ñ

H Ñ K(¨, H) je izomorfismus g0 a g˚
0 ñ D1Hα a pro ztotožnenı́ g0 a g˚

0 lze použı́t α(¨) =
K(¨, Hα).

Lemma 3. Buď α P ∆. Potom ´α P ∆ a @Xα P gα, @X´α P g´α, [Xα, X´α] = K(Xα, X´α)Hα.

Důkaz. α P ∆ ñ gα ‰ t0u ñ @µ P ∆ Y t0uzt´αu, gµ K gα. Kdyby ´α R ∆, tj. g´α =
t0u ñ gα K g ñ gα = t0u, spor. Takže g´α ‰ t0u a @X P gα, @X´α P g´α, @H P g0 platı́:

K
(
[Xα, X´α] ´ K(Xα, X´α)Hα, H

)
= K

(
[Xα, X´α], H

)
´ K(Xα, X´α)K(Hα, H)

loooomoooon

α(H)

=

= ´K
(
Xα, [H, X´α]

looomooon

´α(H)X´α

)
´ K(Xα, X´α)α(H) =

(
α(H) ´ α(H)

)
K(Xα, X´α) = 0

ñ [Xα, X´α] ´ K(Xα, X´α)Hα = 0.

Lemma 4. @α P ∆, α(Hα) = K(Hα, Hα) ‰ 0.

Důkaz. g´α K gβ, @β P (∆ Y t0u)ztαu a g´α M g ñ DX´α P g´α, Xα P gα, K(X´α, Xα) =

1 ñ [Xα, X´α] = Hα. Uvažujme gβα = ˙Ř

kPZgβ+kα ñ adXα , adX´α
, adHα ponechávajı́

gβα invariantnı́.

Tr|gβα
adHα = Tr|gβα

[
adXα , adX´α

]
= 0

=
ÿ

kPZ

(β + kα)(Hα)dim gβ+kα = β(Hα)dim gβα + α(Hα)
ÿ

kPZ

k dim gβ+kα = 0.

Pokud α(Hα) = 0 ñ β(Hα) = 0, @β P ∆ ñ Hα = 0, spor s předpokladem α P

∆ (α(H) = K(H, Hα), @H P g0) ñ α(Hα) ‰ 0.

Definice 1. @α P ∆ definujeme Tα := 2
K(Hα ,Hα)

Hα, aβα := β(Tα) =
2K(Hβ ,Hα)

K(Hα ,Hα)
.

Nalezněme X˘α P g˘α splňujı́cı́ K(Xα, X´α) =
2

α(Hα)
. Pak platı́:

[Xα, X´α] = K(Xα, X´α)Hα = Tα, (1)
[Tα, X˘α] = ˘2X˘α . (2)

To jsou komutačnı́ relace sl(2, C), konkrétně pro H =
( 1 0

0 ´1
)
, X+ =

(
0 1
0 0

)
, X´ =

(
0 0
1 0

)
.

Lemma 5. V nad C, dim V ă +8, nechť T, X˘ P L(V) splňuje [X+, X´] = T, [T, X˘] =

˘2X˘ a působı́ na V ireducibilně. Potom Dtvju
dim V´1
j=0 báze splňujı́cı́ Tvj = (r ´ 2j)vj, X´vj =

vj+1, X+vj = j(r ´ j + 1)vj´1, kde r = dim V ´ 1.
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Důkaz. T P L(V) ñ Dv P V, v ‰ 0, rλ P C, Tv = rλv

T(X+v) = [T, X+]v + X+Tv = 2X+v + rλX+v = (rλ + 2)X+v

ñ X+v = 0 _ rλ + 2 P σ(T) ñ po konečně mnoho krocı́ch zı́skame v0 P V, v0 ‰

0, Tv0 = λv0, X+v0 = 0 a položı́me vj = X j
´v0, @j P N.

Tvj = [T, X´]X j´1
´ v0 + X´TX j´1

´ v0 = ´2X´X j´1
´ v0 + X´TX j´1

´ v0 = ¨ ¨ ¨ = (λ ´ 2j)X j
´v0 = (λ ´ 2j)vj

ñ pokud vj ‰ 0 pak jsou to vlastnı́ vektory T přı́slušné různým vlastnı́m čı́slům ñ Dk P

N Y t0u : vk ‰ 0, vk+1 = 0 ñ spantv0, . . . , vku je podprostor V uzavřený vůči T, X´. Indukcı́
ukážeme že X+vj = j(λ ´ j + 1)vj´1:

X+v1 = X+X´v0 = [X+, X´]v0 + X´X+v0 = Tv0 = λv0

X+v2 = X+X´v1 = Tv1 + X´X+v1 = (λ ´ 2)v1 + λv1 = (2λ ´ 2)v1

...
X+vj = X+X´vj´1 = Tvj´1 + X´(j ´ 1)(λ ´ j + 2)vj´2 =

=
(
(λ ´ 2j + 2) + (j ´ 1)(λ ´ j + 2)

)
vj´1 =

(
j(λ ´ j + 2) ´ j

)
= j(λ ´ j + 1)vj´1

ñ spantv0, . . . , vku je uzavřený i vůči X+ ñ je to invariantnı́ podprostor ireducibilnı́
reprezentace ñ V = spantv0, . . . , vku, k = r, X+vr+1 = (r + 1)(λ ´ r)vr = 0, přičemž
vr ‰ 0 ñ λ = r.

Lemma 6. Nechť g poloprostá Lieova algebra, g0 jejı́ Cartanova podalgebra, ∆ množina kořenů,
pak:

1. @α, β P ∆, Dp, q P Z, p ď 0 ď q, tβ + kαu
q
k=p je nepřerušená posloupnost kořenů, přı́padně

0. Navı́c žádné jiné kořeny tvaru β + kα neexistujı́ a platı́

aβα = β(Tα) = 2
β(Hα)

α(Hα)
=

2K(Hβ, Hα)

K(Hα, Hα)
= ´(p + q) . (3)

2. α P ∆. Potom dim gα = 1 a β P ∆ X spantαu ô β = ˘α.

3. @α, β P ∆, α + β ‰ 0. Potom [gα, gβ] = gα+β. (Pokud α + β R ∆ Y t0u, je gα+β = t0u.)

4. @α, β P ∆, ϵ = sgnaβα. Potom β ´ ϵα, β ´ 2ϵα, . . . , β ´ aβαα jsou kořeny.

Důkaz. α, β P ∆ ñ DXβ P gβ, Xα P gα, X´α P g´α nenulové a platı́ [Xα, X´α] = Tα, [Tα, X˘α] =

˘2X˘α. Označı́me V := span
!

(adXα)
j (adX´α

)k Xβ

ˇ

ˇ

ˇ
j, k P Z

)

Ă gβα = ˙bigpluskPZgβ+kα a máme
adTα Xβ = β(Tα)Xβ, takže

adTα (adXα)
j (adX´α

)k Xβ = (β(Tα) + 2j ´ 2k) (adXα)
j (adX´α

)k Xβ.

ñ V uzavřený vůči adTα , adX˘α
: adTα =

[
adXα , adX´α

]
.

0 = Tr|V adTα =
ÿ

j,k

(β(Tα) + 2j ´ 2k)dim span
!

(adXα)
j (adX´α

)k Xβ

)

(adXα)
j+1 (adX´α

)k+1 Xβ = (adXα)
j [adXα , adX´α

] (
adX´α

)k Xβ + (adXα)
j adX´α

adXα

(
adX´α

)k Xβ =

= (adXα)
j adTα

(
adX´α

)k Xβ + . . . P span
!

(adXα)
j (adX´α

)k Xβ

)
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ñ pro každé zı́skané vlastnı́ čı́slo adTα na V máme 1 vlastnı́ vektor ñ protože je to ire-
ducibilnı́ reprezentace, dle předchozı́ho lemmatu platı́ r = dim V ´ 1, σ

(
adTα |V

)
= tr, r ´

2, . . . , ´ru ñ tβ(Tα) + 2ku
q
k=p Ă tr, r ´ 2, . . . , ´ru, tedy

β(Tα) + 2q = r
β(Tα) + 2p = ´r

*

ñ β(Tα) = ´(p + q).

Dále označı́me rV := spantX´αu ` ˙Ř

kPN0
gkα, takže rV je invariantnı́ vzhledem k adXα , adTα .

0 = Tr|
rV adTα = Tr|

rV

[
adXα , adX´α

]
= ´ α(Tα)

loomoon

= 2

+
ÿ

kPN

k α(Tα)
loomoon

= 2

dim gkα

ñ
ř

kPN k dim gkα = 1 ñ gα = 1, gkα = 0, @k ě 2, k P N ñ kα R ∆, @k ě 2, k P N.
Použitı́m α

k mı́sto α dostaneme α
k R ∆, @k ě 2, k P N. Nechť β = cα, c R Z, BÚNO c ą 0 (jinak

α Ñ ´α), pak

β(Tα) = cα(Tα) = 2c = b P Z ñ c =
b
2

, b P N ñ tβ + kαu
q
k=p =

"(
b
2
+ k

)
α

*q

k=p
.

Zároveň b = ´(p + q), p ď 0 ď q ñ ´p ě b, takže

α

2
=

(
b
2
+

(
´

b
2
+

1
2

)
looooomooooon

ěp

)
α P ∆

ñ spor s tı́m, že α
2 R ∆. Tı́m je dokázan bod 2., zbytek bodu 1. dokážeme sporem: Nechť

Drβ = β + nα, n ă p _ n ą q, zkonstruujeme posloupnost z rβ P ∆ a přepı́šeme ji zpátky pomocı́

tβ + kαu
rq
k=rp. Dı́ky tomu, že dim gα = 1, @α P ∆, musı́ být tp, . . . , qu X trp, . . . , rqu = H ñ rp ą

q _ rq ă p. Analogicky máme taky aβα = ´(rp + rq), takže

rp + rq ă rp + p ă 2p ď p + q (BÚNO rq ă p)

ñ ααβ ă ααβ, spor. Tı́m je bod 1 dokázan. Bod 3. plyne z ireducibility konstruované na V.
Zbýva tedy už jen bod 4. BÚNO aβα ą 0, ´aβα = (p + q) ñ p ď ´aβα ď q ñ β ´ aβαα P

∆.

Definice 2. aβα = β(Tα) =
2K(Hβ ,Hα)

K(Hα ,Hα)
= ´(p + q) nazýváme Cartanova celá čı́sla.

Věta 1. (Weyl-Chevalleyho normálnı́ forma) Buď g komplexnı́ poloprostá Lieova algebra, g0
jejı́ Cartanova podalgebra, ∆ systém kořenů. Pak g je direktnı́m součtem g0 a jednorozměrných
kořenových podprostorů gα = spantEαu a platı́:

• [H, Eα] = α(H)Eα, @H P g0,

• [Eα, E´α] P g0, @α P ∆,

• [Eα, Eβ] = NαβEα+β, Nαβ ‰ 0 pro α, β, α + β P ∆.

(Navı́c lze volit Eα tak, aby Nαβ P Z, Nαβ = ´N(´α)(´β) = ˘(´p + 1), kde p ď 0 je nejmenšı́ čı́slo
splňujı́cı́ β + pα P ∆, volba ˘ je částečně daná strukturou g a částečně záležı́ na nás...)

Důkaz. Plyne z předchozı́ho lemmatu.

Poznámka 1. Protože vı́me, že komutačnı́ relace určujı́ g jednoznačně (až na izomorfismus), můžeme
tak klasifikovat všechny poloprosté komplexnı́ algebry.
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