1 Cviceni

Priklad 1. s0(3,C) ~ sl(2,C) : [Ls,L+] = +L+, [Li,L_] = 2L,

e =3 (o O) =5 o) pir=(3 9.
p(La) 1D = 511, pIs) =310, vahyA=z,

p:sl(2,C) — gl (Dl/z) , DV/2 = span {|1), 1)} . Tenzorovy soutin p se sebou samou:

eont=3(o 4o 1)+ 1ozl %)

(0®p)(L3) 111 = 1) (0®p)(Ls) 11y = 2 111y~ 5 [11) =0
(p®p)(La) [Ll)=—1[l]) (p®p)(L3) [I1) =0
(e@p) (L)1) =11+ 1) (e®@p) (L) (I =111)) =L —1l)y=0

(e®p)(L-)[J1) =0

(p@p)(Ly) ..
Vahy: +2A,0; nyoy =1, ng = 2.
Priklad 2. A; =sl(1+1,C) = {A e C’+U+1‘TrA = o}

e Kofeny: go = diag < sl(I+1), dimgy = [,[go,g0] = 0 = go Abelovskd = g
nilpotentni, tj. opravdu je to Cartanova podalgebra. Mé&me

j

Eij: , i#]
i\... 1

= sl(l+1) = go +span{E;j} apro D € go, D = diag(dy,...,d;+1) mame [D, E;j] — (d; —
s={(gi—gp|i=j ijel+1}

Zvolime Hy = diag(hy, ..., hi1), hi > hit1, (¢i — ¢j)(Ho) # 0, mdme tedy uspofadani
kofenti:

$1>¢2 > > >0

AT ={pi—gjli<j<i+1}

AP = { i — i |i e 1}

=

Ovéfime, Ze pomoci AP mtizeme nakombinovat celé A:

¢ — i = (¢i — Pit1) + (Pir1 — Pig2) + -+ (Pj—1 — ¢;)-
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¢ Cartanova matice, Dynkintiv diagram:

w,BEAP
age = —(p+1q) pe —q, {[&+kw}z:p e AT

z;i%:i;i} = “z'"'klxj:¢i_4’i+l+k(¢]’_¢j+l);47%_4%/a<b

(z:<j’—1)v(i’>j’—1) = k=0 = ;=0
(i=j-)v(=i-1) = k=0vk=1 = aijzfl

* Adjungovana reprezentace: vdhy (kofeny): a; = ¢; — ¢; 11, a;(T;) = a;j, kde

dy
o =d;, 1> P> > P > 0.
dri1
Ztvaruvaha; = ¢; — ¢; a uspofadani ¢; plyne, Ze nejvyssivdhaje 1 — i1 = a1+ + .

K nalezeni T; vyuZijeme a;(T;) = a;; = t;; —tjiy1 #0proi=j—1,j,j+1:

aj—1(Tj) = tjj—t;=—1 1 j
w(Ty) =ty —tjj =2 = Tj= _1
01 (Ty) = tjja —tjjpo = —1 0
* Fundamentalni vahy, A;(T;) = J;:
1
-1 0
M 0 =1, M 1 _1 =0 = A= P
0
0 .
1 0
1 1 0
Ao 0 =0, A Ty | =1 Ao 1 =0
. 0
0 .
= =g+ = ... = A=¢ +- -+ ¢; Jevidét Ze pak plati )tl'(T]‘) = 51]



* Definujici reprezentace: Méjme definujici reprezentaci v standardni bazi (ej), D € g, De]- =

dq
( ) ej = djej. Jeji vahy {¢1,..., P11}, ¢ry1 = —(¢1 + -+ ¢1), 1ze zapsat jako
diyq

{pr.p1 —a1,¢1 — 1 —an, ..., —ag —--- — o). Nejvyssi vdha je ¢1 = Aq, ndsobnosti 1,
dimp; =141 p1 A p1:

(b1 Ap1)(eine) = (D®1+1QD)(e;i®e; — ¢ ®e;) =
= diei ®€] — d]€] ®e; + e; ®d]€] —€j ®diei = (dl + d])(el A Ej),
vahy: {¢; + gbj|i #j}, dimp A p = (lerl), nejvyssije ¢ + ¢o.
Pro p"/ jsou vahy {(,bi] ot g
L
. / 1#1 .
Pro p*! jsou vahy {31 @i Divi1 $i} = P11} # {P1,... P11}, TakZe

nejvyssi védha je —A;q. Kdyz 1 = 1, pak p*'=1 ~ p, §j. p*=! je izomorfni definujict
reprezentaci.

I+1
]

i1 <. < ij}, dimp = (1), nejvyssi véha A =¢1+

Pozndmka 1. Necht p reprezentace g na V, definujeme pT : pT(X) = (—p(X))T = p* =pl.

Priklad 3. C; = sp(21,C) = {Ae C?*?2|JA+ AT] =0}, kde] = (9 1
10

* Cartanova podalgebra: Oznatme A = (9 5):

— _ T _,T
]A—l—AT]:(aC bd)—l—(;T —ZT>:O = d=—al,b=0bT, c=cT

go = {(6\701\)’/\: diag(A1,...,Ap) eCl’l}

A0 E;i 0 Ei O
(A, Eij] = (Ai — Aj)Ejj [(0 A)’(Ol] _Ez‘j)] Z(Ai—)\j)<6] _EZ,])
—_—
:ZI,'j,l'sﬁj
A 0 0 Eij+Eji (0 A(Eij+Eji) 0 (Eij—f—E]'l‘)A iy ' 0 Eij+Eji
[(0 A)’(O o )|~ \o 0 o 0 =g o
—_—

::Fij/ IS]

T
A 0 A 0
Gi]' = Fl’? = [(0 A) /Gi]':| = — [(0 A) ,Fi]':| = 7(/\1' +)\])G1]

= go je skute¢né& Cartanova podalgebra. ¢; (5 % ) :=2A;, i€ 1 tvoti bazi a5

¢ Kofeny:
A ={gi—¢ili # } v {oi + ¢ili < i} o {= (i + ¢p)li < j}
Ho : ¢i(Ho) > ¢iv1(Ho) > 0, Vi.
AT ={gi—gjli <j} o {gi+ejli <}
A ={¢i—¢jli > j} o {~ (@i +¢y)]i < j}
AP = {pi—ipilicl-1} o { 2 }
— ——

= =]



¢ — ¢ = (¢j — piv1) + -+ (Pj1— ) = Zak

-1 -1
Gi+ b =201+ (0 — d1) + (P — P1) =200+ Y e+ ),
k=i k=j
a,BeAP
11‘3,1 = —q:
{ai +kaj}iici = (¢i—Pip1) th(pj—Pjp1) = li—jl>1 = k=0
li—jl=1 = k=0vk=1
{a; +kag}ics = (¢i — Piv1) +2k¢y = i<l-1 = k=0
i=1-1 = k=0vk=1
{a +kaitij<r =2 + k(i — Piv1) = i<l-1 = k=0
i=1-1 = k=0vk=1vk=2
= 01171,12—1—%;2;;»,0111— 2—<§?'f;[1?> =l = V2 [arll.
2 -1
S
(a): . , .—.—.-.—.—-i.
v -2 - 1 2 I—21-1 1
-1 2 -1
-2 2

e Definujici reprezentace: D € gg, ¢;(D) = d;:

d

—d,
Definujici reprezentace mé vahy {¢1,...,¢;, $_1,...,¢_;}, dim = 2/, nejvyssi vdha je ¢;.

* Adjungovana reprezentace: a; = ¢; — i1, i <11, ay =2¢;, a;(T;) = aj




0
a;i(T;)) =0i<l-1 1 ... l
19} l(Tl) =-1 = Tl— 0
a(Ty) =2
0
1
A,-(T]-):fsij = /\i:(P1+---+(f7i,i€i.
Priklad 4. D; = s0(21,C) = {A = C2"21‘AT]+]A - o}, kdeJ = (91),1>1
Oznatme A = (1)
T T
T _(c' a c d\ _ T 4 _ 4T ._ T
A]—l—]A—(dT bT)+(a b>_0 = d=—-a,b=-b",c=—c

¢ Cartanova podalgebra: Ukazeme Ze go = {H = diag(A107,...,A;02)}, 02 = (9 ). Necht

X X
X e CZ,Z, X = 11 12
X21  X22

. —X —X . X —X X X
/\,‘U'QX — /\]'X(Tz = Z}\i 21 2 _ l/\]' 12 ) = C()\i, )\]) 1 12
X11 X12 X222  —X21 X21  X22

ZapiSeme ve tvaru:

ic 7)\] 7/\1' 0 X11
)\] c 0 —)tl' X12
)\,‘ 0 ic —A]‘ X21
0 A A dc X22

i

Z pozadavku Fesitelnosti soustavy (det = 0) dostaneme c1234 = +(A; + /\j). Proc¢; =
Ai + Ajnajdeme X; = (1)) =03+ iy

—

g

N - = o 3
F:= Xy, Pij =11 ... N F , 1<, [H, Fij] = (/\1‘ —‘r-/\j)Fij #0

il... —FT

[HEf] = [H5 B = = [H R = -+ A)F]

Pro c; = A; — A dostaneme:

i
G: =140y, Gjj:=1 R G , i<
j -GT
[H, Gjj] = (Ai + A})Gjj, [H, Gjj] = (A + 1) Gj;



* Kofeny: ¢; € g5, ¢;(H) = Aj:

A={gi+¢jli <j}o{gi—¢li # j} o {=(¢i +p)i <j}

H():diag(/\l,...,/\l), /\1 >)\2>--~>)\l > 0:

T={gi+gili <y o {gi—¢li <j}

_{(Pz ¢z+|1€l_z} {471 1+¢7l}

= LX, =

o+ kajq :(¢i—¢i+1)+k(¢+1—¢i+2),iEl/—-\l = k=0vk=1
app+kay = (P12 —P1-1) + k(-1 +¢r) = k=0vk=1
w_q +kay = (P11 — ) +k(P—1+¢1) = k=0
|
-1
|
(ﬂ“) - 7 - T - - < .
g 2 -1 -1 1 2 1—31-2 !
-1 2 0
-1 0 2
¢ Véhy:
d10'2 ‘Pi(H) *d
; :(Pz (Pl+1/ <l-1
H = :H(dl,...,dl), W= P_1+ P
dyoy T, = H(0,...,0,1,-1,0,...,0), i <I—1x
i1
Tl:
wo(Ty)) =-1 =dip—d
al_l(Tl) =0 Zdl_lfdl = TZIH(O,...,O,l,l)
w(T) =2 =¢a(T)+¢i(t) =di1+4d
)\z(T]) _51]
= ¢
)Li:4>1+--~+¢i, i<l-2
M1 = 5(4)1 +o o1 — 1)
1
§(¢1+ “+¢r)
Definujici reprezentace ma vahy {¢1,..., ¢, —¢1,...,—¢;}.
Priklad 5. B) = s0(21 +1,C)
dyoy d10p
. ) v
go—{H—( . )}, quH—( .. )—/\1‘, X :=
djon djo
0 0 v 0



(H, X] = Ao | % Y 010
7 1

0 —Ai()T |0 (ro)T ] 0
Za v muzeme volit vlastni vektory . Dale zvolime Hy : Ay > --- > A, A; = ¢(Hp).
A={¢i+gjli <j}of{gi—gjli # i} o {=(¢i +9))li <j} v igi}v{-i}
AT ={¢i+gjli <j} v {ei—9jli <j} v g}
A ={¢i—¢piilicl-1}0{ ¢ }
e %z—/

= =K

wj_p +kay = E‘Pl—z —¢_1) +k¢p = k=0

a1+ ke = ¢l—1_¢l)+k¢l = k=0vk=1vk=2
w ka1 = +k(pr—1— 1) = k=0vk=1
2 -1
-1
(a) = , —— e — = =
v 2 -1 1 2 1—21-1 I
-1 2 =2
-1 2
dyoy ¢i(H) = d;
- & =¢i—Pip1, i<l—1
H= d:o al:(Pl
172 T; = H(0,...,0,1,-1,0,...,0)
0 i1
Tl:
a1 (T}) =-2 _
() =2 = T, =H(,...,0,2)
/\i(Tj)*ézj

Ai=¢r+- -+ i<l—1

1
Az:§(¢1+“'+¢l)



	Cvičení

