
1 Cvičenı́

Přı́klad 1. so(3, C) „ sl(2, C) : [L3, L˘] = ˘L˘, [L+, L´] = 2L3,

ρ(L3) =
1
2

(
1 0
0 ´1

)
, ρ(L+) =

(
0 1
0 0

)
, ρ(L´) =

(
0 0
1 0

)
,

ρ(L3) |Òy =
1
2

|Òy , ρ(L3) |Óy = ´
1
2

|Óy , váhy: λ = ˘
1
2

,

ρ : sl(2, C) Ñ gl
(

D1/2
)

, D1/2 = span t|Òy , |Óyu . Tenzorový součin ρ se sebou samou:

(ρ b ρ)(L3) =
1
2

(
1 0
0 ´1

)
b

(
1 0
0 1

)
+

(
1 0
0 1

)
b

1
2

(
1 0
0 ´1

)

(ρ b ρ)(L3) |ÒÒy = |ÒÒy (ρ b ρ)(L3) |ÒÓy =
1
2

|ÒÓy ´
1
2

|ÒÓy = 0

(ρ b ρ)(L3) |ÓÓy = ´ |ÓÓy (ρ b ρ)(L3) |ÓÒy = 0

(ρ b ρ)(L´) |ÒÒy = |ÓÒy + |ÒÓy (ρ b ρ)(L´)
(

|ÓÒy ´ |ÒÓy
)
= |ÓÓy ´ |ÓÓy = 0

(ρ b ρ)(L´) |ÓÓy = 0

(ρ b ρ)(L+) . . .

Váhy: ˘2λ, 0; n˘2λ = 1, n0 = 2.

Přı́klad 2. Al = sl(l + 1, C) =
!

A P Cl+1,l+1
ˇ

ˇ

ˇ
TrA = 0

)

• Kořeny: g0 = diag Ă sl(l + 1), dim g0 = l, [g0, g0] = 0 ñ g0 Abelovská ñ g0
nilpotentnı́, tj. opravdu je to Cartanova podalgebra. Mějme

Eij =


j

...
i . . . 1

, i ‰ j

ñ sl(l + 1) = g0 + spantEiju a pro D P g0, D = diag(d1, . . . , dl+1) máme [D, Eij] ´ (di ´

dj)Eij. Nechť ϕj P sl˚(l + 1), ϕj(D) = dj ñ (ϕi ´ ϕj)(D)Eij = [D, Eij], tj:

∆ =
!

(ϕi ´ ϕj)
ˇ

ˇ

ˇ
i ‰ j, i, j P zl + 1

)

Zvolı́me H0 = diag(h1, . . . , hl+1), hi ą hi+1, (ϕi ´ ϕj)(H0) ‰ 0, máme tedy uspoŕádánı́
koŕenů:

ϕ1 ą ϕ2 ą ¨ ¨ ¨ ą ϕl+1 ą 0.

∆+ =
␣

ϕi ´ ϕj
ˇ

ˇi ă j ď l + 1
(

∆p =
␣

ϕi ´ ϕi+1
loooomoooon

=:αi

ˇ

ˇi P pl
(

Ověřı́me, že pomocı́ ∆p můžeme nakombinovat celé ∆:

ϕi ´ ϕj = (ϕi ´ ϕi+1) + (ϕi+1 ´ ϕi+2) + ¨ ¨ ¨ + (ϕj´1 ´ ϕj).
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• Cartanova matice, Dynkinův diagram:

aβα = ´(p + q)
α,βP∆p

= ´q, tβ + kαu
q
k=p P ∆+

αi := ϕi ´ ϕi+1
αj := ϕj ´ ϕj+1

*

ñ αi + kαj = ϕi ´ ϕi+1 + k(ϕj ´ ϕj+1)
!
= ϕa ´ ϕb, a ă b

(i ă j ´ 1) _ (i ą j ´ 1) ñ k = 0 ñ aij = 0
(i = j ´ 1) _ (j = i ´ 1) ñ k = 0 _ k = 1 ñ aij = ´1

a =


2 ´1

´1
. . . . . .
. . . 2 ´1

´1 2

 , ¨
1
´¨

2
´ ¨ ¨ ¨ ´ ¨

l ´ 1
´ ¨

l

• Adjungovaná reprezentace: váhy (kořeny): αi = ϕi ´ ϕi+1, αi(Tj) = aij, kde

ϕi

d1
. . .

dl+1

 = di, ϕ1 ą ϕ2 ą ¨ ¨ ¨ ą ϕl+1 ą 0.

Z tvaru vah αi = ϕi ´ ϕj a uspořádánı́ ϕi plyne, že nejvyššı́ váha je ϕ1 ´ ϕl+1 = α1 + ¨ ¨ ¨+ αl .

K nalezenı́ Tj využijeme αi(Tj) = aij = tj,i ´ tj,i+1 ‰ 0 pro i = j ´ 1, j, j + 1 :

αj´1(Tj) = tj,j´1 ´ tj,j = ´1
αj(Tj) = tj,j ´ tj,j+1 = 2

αj+1(Tj) = tj,j+1 ´ tj,j+2 = ´1

,

.

-

ñ Tj =



. . .
0

1 . . . . . . . . .
´1

0
. . .


j

• Fundamentálnı́ váhy, λi(Tj) = δij:

λ1


1

´1
0

. . .
0

 = 1, λ1


. . .

0
1

´1
0

. . .

 = 0 ñ λ1 = ϕ1

λ2


1

´1
0

. . .
0

 = 0, λ2


0

1
´1

0
. . .

 = 1, λ2


. . .

0
1

´1
0

. . .

 = 0

ñ λ2 = ϕ2 + ϕ1 ñ . . . ñ λi = ϕ1 + ¨ ¨ ¨ + ϕi. Je vidět že pak platı́ λi(Tj) = δij.
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• Definujı́cı́ reprezentace: Mějme definujı́cı́ reprezentaci v standardnı́ bázi (ej), D P g0, Dej =( d1

. . .
dl+1

)
ej = djej. Jejı́ váhy tϕ1, . . . , ϕl+1u, ϕl+1 = ´(ϕ1 + ¨ ¨ ¨ + ϕl), lze zapsat jako

tϕ1, ϕ1 ´ α1, ϕ1 ´ α1 ´ α2, . . . , ϕ1 ´ α1 ´ ¨ ¨ ¨ ´ αlu. Nejvyššı́ váha je ϕ1 = λ1, násobnosti 1,
dim ρ1 = l + 1. ρ1 ^ ρ1:

(ρ1 ^ ρ1)(ei ^ ej) = (D b 1 + 1 b D)(ei b ej ´ ej b ei) =

= diei b ej ´ djej b ei + ei b djej ´ ej b diei = (di + dj)(ei ^ ej),

váhy: tϕi + ϕj|i ‰ ju, dim ρ ^ ρ = (l+1
2 ), nejvyššı́ je ϕ1 + ϕ2.

Pro ρ^j jsou váhy
!

ϕi1 + ¨ ¨ ¨ + ϕij

ˇ

ˇ

ˇ
i1 ă ¨ ¨ ¨ ă ij

)

, dim ρ^j = (l+1
j ), nejvyššı́ váha λj = ϕ1 +

¨ ¨ ¨ + ϕj.

Pro ρ^l jsou váhy
␣
ř

i‰1 ϕi, . . . ,
ř

i‰l+1 ϕi
(

= t´ϕ1, . . . , ´ϕl+1u
l‰1
‰ tϕ1, . . . , ϕl+1u. Takže

nejvyššı́ váha je ´λl+1. Když l = 1, pak ρ^l=1 » ρ, tj. ρ^l=1 je izomorfnı́ definujı́cı́
reprezentaci.

Poznámka 1. Nechť ρ reprezentace g na V, definujeme ρT : ρT(X) = (´ρ(X))T ñ ρ^l = ρT .

Přı́klad 3. Cl = sp(2l, C) =
!

A P C2l,2l
ˇ

ˇ

ˇ
JA + AT J = 0

)

, kde J =
( 0 ´1

1 0

)
• Cartanova podalgebra: Označme A =

(
a b
c d

)
:

JA + AT J =
(

´c ´d
a b

)
+

(
cT ´aT

dT ´bT

)
= 0 ñ d = ´aT , b = bT , c = cT

g0 =
!( Λ 0

0 ´Λ
)ˇ
ˇ

ˇ
Λ = diag(λ1, . . . , λl) P Cl,l

)

[Λ, Eij] = (λi ´ λj)Eij

[(
Λ 0
0 Λ

)
,
(

Eij 0
0 ´Eij

)]
= (λi ´ λj)

(
Eij 0
0 ´Eij

)
loooooomoooooon

=:Iij , i‰j

[(
Λ 0
0 Λ

)
,
(

0 Eij + Eji
0 0

)]
=

(
0 Λ(Eij + Eji)
0 0

)
+

(
0 (Eij + Eji)Λ
0 0

)
= (λi + λj)

(
0 Eij + Eji
0 0

)
loooooooomoooooooon

=:Fij , iďj

Gij := FT
ij ñ

[(
Λ 0
0 Λ

)
, Gij

]
= ´

[(
Λ 0
0 Λ

)
, Fij

]T
= ´(λi + λj)Gij

ñ g0 je skutečně Cartanova podalgebra. ϕi
( Λ 0

0 ´λ

)
:= λi, i P pl tvořı́ bázi g˚

0 .

• Kořeny:

∆ =
␣

ϕi ´ ϕj
ˇ

ˇi ‰ j
(

Y
␣

ϕi + ϕj
ˇ

ˇi ď j
(

Y
␣

´(ϕi + ϕj)
ˇ

ˇi ď j
(

H0 : ϕi(H0) ą ϕi+1(H0) ą 0, @i.

∆+ =
␣

ϕi ´ ϕj
ˇ

ˇi ă j
(

Y
␣

ϕi + ϕj
ˇ

ˇi ď j
(

∆´ =
␣

ϕi ´ ϕj
ˇ

ˇi ą j
(

Y
␣

´(ϕi + ϕj)
ˇ

ˇi ď j
(

∆p =
␣

ϕi ´ ϕi+1
loooomoooon

=:αi

ˇ

ˇi P zl ´ 1
(

Y
␣

2ϕl
loomoon

=:αl

(
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ϕi ´ ϕj = (ϕi ´ ϕi+1) + ¨ ¨ ¨ + (ϕj´1 ´ ϕj) =

j´1
ÿ

k=1

αk

ϕi + ϕj = 2ϕl + (ϕi ´ ϕl) + (ϕj ´ ϕl) = 2ϕl +
l´1
ÿ

k=i

αk +
l´1
ÿ

k=j

αk

aβα
α,βP∆p

= ´q:

tαi + kαjui,jăl = (ϕi ´ ϕi+1) + k(ϕj ´ ϕj+1) ñ |i ´ j| ą 1 ñ k = 0
|i ´ j| = 1 ñ k = 0 _ k = 1

tαi + kαluiăl = (ϕi ´ ϕi+1) + 2kϕl ñ i ă l ´ 1 ñ k = 0
i = l ´ 1 ñ k = 0 _ k = 1

tαl + kαiui,jăl = 2ϕl + k(ϕi ´ ϕi+1) ñ i ă l ´ 1 ñ k = 0
i = l ´ 1 ñ k = 0 _ k = 1 _ k = 2

ñ al´1,l = ´1 =
xαl´1,αly

xαl ,αly
, al,l´1 = ´2 =

xαl ,αl´1y

xαl´1,αl´1y
ñ ∥αl∥ =

?
2 ∥αl´1∥.

(aij) =



2 ´1

´1
. . . . . .
. . . 2 ´1

´1 2 ´1
´2 2

 , ¨
1
´¨

2
´ ¨ ¨ ¨ ´ ¨

l ´ 2
´ ¨

l ´ 1
ñ¨

l

• Definujı́cı́ reprezentace: D P g0, ϕi(D) = di:

D =



d1
. . .

dl
´d1

. . .
´dl


Definujı́cı́ reprezentace má váhy tϕ1, . . . , ϕl , ϕ´1, . . . , ϕ´lu, dim = 2l, nejvyššı́ váha je ϕ1.

• Adjungovaná reprezentace: αi = ϕi ´ ϕi+1, i ď l ´ 1, αl = 2ϕl , αi(Tj) = aij

Tj =



. . .
0

1 . . . . . . . . . . . . . . . . . . . . . . . .
´1

0
. . .

0
1 . . . . . . . . .

´1
0

. . .



j

l + j

j ď l ´ 1
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αi(Tl) = 0, i ă l ´ 1
αl´1(Tl) = ´1

αl(Tl) = 2

,

.

-

ñ Tl =



. . .
0

1 . . . . . . . . . . . .
0

. . .
0

1


l

λi(Tj) = δij ñ λi = ϕ1 + ¨ ¨ ¨ + ϕi, i P l̂.

Přı́klad 4. Dl = so(2l, C) =
!

A P C2l,2l
ˇ

ˇ

ˇ
AT J + JA = 0

)

, kde J =
(

0 1
1 0
)

, l ą 1

Označme A =
(

a b
c d

)
AT J + JA =

(
cT aT

dT bT

)
+

(
c d
a b

)
= 0 ñ d = ´aT , b = ´bT , c = ´cT

• Cartanova podalgebra: Ukážeme že g0 = tH = diag(λ1σ2, . . . , λlσ2)u , σ2 =
( 0 ´i

i 0

)
. Nechť

X P C2,2, X =

(
x11 x12
x21 x22

)
λiσ2X ´ λjXσ2 = iλi

(
´x21 ´x22
x11 x12

)
´ iλj

(
x12 ´x11
x22 ´x21

)
= c(λi, λj)

(
x11 x12
x21 x22

)
Zapı́šeme ve tvaru:

i


ic ´λj ´λi 0
λj ic 0 ´λi
λi 0 ic ´λj
0 λi λj ic




x11
x12
x21
x22

 = 0

Z požadavku řešitelnosti soustavy (det = 0) dostaneme c1,2,3,4 = ˘(λi ˘ λj). Pro c1 =

λi + λj najdeme X1 =
( 1 i

i ´1
)
= σ3 + iσ1.

rF := X1, Fij :=



i j

...
...

i . . . rF
j . . . ´rFT

, i ă j, [H, Fij] = (λi + λj)Fij
Di,j
‰ 0

[
H, F+

ij

]
=
[

H+, F+
ij

]
= ´

[
H, Fij

]+
= ´(λi + λj)F+

ij

Pro c2 = λi ´ λj dostaneme:

rG := 1 + σ2, Gij :=



i j

...
...

i . . . rG
j . . . ´ rGT

, i ă j

[H, Gij] = (λi + λj)Gij, [H, Gij] = (λi + λj)Gij
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• Kořeny: ϕj P g˚
0 , ϕj(H) = λj:

∆ =
␣

ϕi + ϕj
ˇ

ˇi ă j
(

Y
␣

ϕi ´ ϕj
ˇ

ˇi ‰ j
(

Y
␣

´(ϕi + ϕj)
ˇ

ˇi ă j
(

H0 = diag(λ1, . . . , λl), λ1 ą λ2 ą ¨ ¨ ¨ ą λl ą 0:

∆+ =
␣

ϕi + ϕj
ˇ

ˇi ă j
(

Y
␣

ϕi ´ ϕj
ˇ

ˇi ă j
(

∆p =
␣

ϕi ´ ϕi+
looomooon

=:αi

ˇ

ˇi P yl ´ i
(

Y
␣

ϕl´1 + ϕl
loooomoooon

=:αl

(

αi + kαi+1 = (ϕi ´ ϕi+1) + k(ϕ + 1 ´ ϕi+2), i P zl ´ 1 ñ k = 0 _ k = 1
αl´2 + kαl = (ϕl´2 ´ ϕl´1) + k(ϕl´1 + ϕl) ñ k = 0 _ k = 1
αl´1 + kαl = (ϕl´1 ´ ϕl) + k(ϕl´1 + ϕl) ñ k = 0

(aij) =



2 ´1

´1
. . . . . .
. . . 2 ´1 ´1

´1 2 0
´1 0 2

 , ¨
1
´¨

2
´ ¨ ¨ ¨ ´ ¨

l ´ 3
´ ¨

l ´ 2
ă¨ l ´ 1

¨ l

• Váhy:

H =

d1σ2
. . .

dlσ2

 = H(d1, . . . , dl),

ϕi(H) = di
αi = ϕi ´ ϕi+1, i ď l ´ 1
αl = ϕl´1 + ϕl
Ti = H(0, . . . , 0, 1

i
, ´1

i+1
, 0, . . . , 0), i ď l ´ 1x

Tl :

αl´2(Tl) = ´1 = dl´2 ´ dl´1
αl´1(Tl) = 0 = dl´1 ´ dl

αl(Tl) = 2 = ϕl´1(Tl) + ϕl(tl) = dl´1 + dl

,

.

-

ñ Tl = H(0, . . . , 0, 1, 1)

λi(Tj) = δij:

λ1 = ϕ1

λi = ϕ1 + ¨ ¨ ¨ + ϕi, i ď l ´ 2

λl´1 =
1
2
(ϕ1 + ¨ ¨ ¨ + ϕl´1 ´ ϕl)

λl =
1
2
(ϕ1 + ¨ ¨ ¨ + ϕl)

Definujı́cı́ reprezentace má váhy tϕ1, . . . , ϕl , ´ϕ1, . . . , ´ϕlu.

Přı́klad 5. Bl = so(2l + 1, C)

g0 =

$

&

%

H =

 d1σ2

. . .
dl σ2

0

,

.

-

, ϕi H =

 d1σ2

. . .
dl σ2

0

 = λi, X :=

 v

vT 0
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[H, X] =

 λiσ1v

0

´

 v

´λi(σ1v)T 0

 = λi

 σ1v

(σ1v)T 0


Za v můžeme volit vlastnı́ vektory σ1. Dále zvolı́me H0 : λ1 ą ¨ ¨ ¨ ą λl , λi = ϕ(H0).

∆ =
␣

ϕi + ϕj
ˇ

ˇi ă j
(

Y
␣

ϕi ´ ϕj
ˇ

ˇi ‰ j
(

Y
␣

´(ϕi + ϕj)
ˇ

ˇi ă j
(

Y tϕiu Y t´ϕiu

∆+ =
␣

ϕi + ϕj
ˇ

ˇi ă j
(

Y
␣

ϕi ´ ϕj
ˇ

ˇi ă j
(

Y tϕiu

∆p =
␣

ϕi ´ ϕi+1
loooomoooon

=:αi

ˇ

ˇi P zl ´ 1
(

Y
␣

ϕl
loomoon

=:αl

(

αl´2 + kαl = (ϕl´2 ´ ϕl´1) + kϕl ñ k = 0
αl´1 + kαl = (ϕl´1 ´ ϕl) + kϕl ñ k = 0 _ k = 1 _ k = 2
αl + kαl´1 = ϕl + k(ϕl´1 ´ ϕl) ñ k = 0 _ k = 1

(aij) =



2 ´1

´1
. . . . . .
. . . 2 ´1

´1 2 ´2
´1 2

 , ¨
1
´¨

2
´ ¨ ¨ ¨ ´ ¨

l ´ 2
´ ¨

l ´ 1
ð¨

l

H =


d1σ2

. . .
dlσ2

0


ϕi(H) = di
αi = ϕi ´ ϕi+1, i ď l ´ 1
αl = ϕl
Ti = H(0, . . . , 0, 1

i
, ´1

i+1
, 0, . . . , 0)

Tl :

αl´1(Tl) = ´2
αl(tl) = 2

*

ñ Tl = H(0, . . . , 0, 2)

λi(Tj) = δij:

λi = ϕ1 + ¨ ¨ ¨ + ϕi, i ď l ´ 1

λl =
1
2
(ϕ1 + ¨ ¨ ¨ + ϕl)
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