1 Redlné formy komplexnich poloprostych algeber
Méjme poloprostou redlnou algebru g, gc = g ®r ig = C ®R g. Z gc 1ze zpetné najit g:
¢:9c —oc: @(u+iv)=u—io, Vu,oeg = g={Xegclp(X)=X}
Pozndmka 1. Vlastnosti ¢:
1. pop =id = jeinvolutivni,
2. p(AX) = Ap(X), p(X+Y) = ¢(X) +¢(Y) = je antilinedrni,

3. ¢([u1 +ivy, up +iva]) = p(([u1, 2] — [v1,02)) +i ([01, 2] + [1,02)) ) = ([, 2] — [01,02]) —
i ([v1, 2] + [u1,02]) = [ug —iv1,up —iva] = [Pp(u1 +iv1), p(up +ivp)] = automorfismus.

Tj. redlna forma g komplexni algebry gc ndm urcuje involutivni antilinedrni automorfismus ¢.

Naopak, méjme gc a jeji involutivni antilinedrni automorfismus ¢. Pak g = {X € g¢|¢(X) =
X} nam zadéava redlnou podalgebru gy v gc : (g¢)c = gc-

Diikaz. Mame ¢ : gc — (gc)r, dimgr(gc)r = 2dimg(ge)r. Uvazujme ¢|(QC)]R : (gc)rR —
(gC)]Rl 472 =1 = o (¢|(9C)JR> = +1, takze

s = (1) o (91 1)

g

= Xeg = ¢X)=X = ¢@iX)=-iX = iXe ker<¢|(gC)R+]l) —~ obg
jadra maji stejnou dimenzi a ndsobeni i zobrazuje jednonadruhé = dimg g = dimc gc, g9c =
gtigaplati: VX, Yeg, ¢([X,Y]) =[¢(X),¢(Y)] =[X Y] = VX, Yeg [X,Y]eg O

Priklad 1. sl(I+1,C), ¢ : sl(I+1,C) — sl(I +1,C):
e p(A)=A ... g=sl(l+1,R)
o p(A)=—-A" ... g={Xesl(I+1,C)|-X" =X} =su(l+1)

o ¢p(A) = —JAt], kde ] = diag(1,...1,—1,...,—1):
P q

P(9(A) =] (1 (A7) T) =4
¢([A B]) = —J[A,BI"] = [AT,BT] ] = [-]JAT],~]B"]] = [(A),$(B)]
og={Xesl(I+1,C)|-JX =X} =su(p,q), p+q=1+1
UvaZujme komplexni poloprostou Lieovu algebru g vyjadfenou ve Weyl-Chevalleyho bazi,
tj.:

g = span{Hy}pear + +span{E,x},

€A
[H,Ey) = a(H)Ey, H € spang{Hu}pear = = VaeA, a(H)eR
[Ea/ E—IX] = K(Em E—IX) H,,
—_—
€R
[Ea, Epl = NupEa-p Nup € Z, Ni—)(—p) = ~Nap-



Oznacime
Ysplit ‘= SPaH]R{Ha Yaear + +a€ASPan1R{Ea ).

split je redlnd forma g, tj. ¢(Ha) = Ha, ¢p(Ex) = Eo, VHo, Ex € gspliv- Zjistime signaturu
Killingovy formy K pro gspy; (Killingova forma je dobra pro rozliSeni realnych algeber).

K(H, E,) = 0 protoze h L span{E,}
K|y je pozitivné definitn{
K(Ew Eg) =0, a+ B #0

([ K(EwEa) K(EwE—o)\ (0 A B
E""E_“'<K(E“,E,X) KELED) =1 0 ,kdeA #0 ... sgn=(1,1,0)

= sgnK| = (l + ”T’l, ”T’l,0>. Dale prozkoumdme

Isplit

{Ea —E_« i(Ex+E-4) } _

Okomp = Spang {iHa facar + + span 7 7
_—

ih xeAT
VHy, Ex € gkomp, ¢(Ha) = —Ha, ¢(Ex) = —E_q. Ziejme plati taky ¢? = 1. Dale mame:

#([He Hy)) = [p(H), 9(Hy)] protoze [Hy, Hg] = 0
§([Hu, Egl) = B(H) p(Ep) = —B(Hi)E—p = [Ho, E_g] = [p(Hi), ¢(Ep)]

eR
¢([Ea, Ep]) = Nupd(Easp) = —NapE—o—p = N—a)(—p)E-u—p = [-E-a,—E_p] =
= [¢(Ex), p(Ep)]
¢([EME—0¢]) = K(Ea/E—a)(P(Ha) = *K(EarE—a)Ha = *[Evu E—a] = [*E—ar*Ea}

= [‘P(Ea)rﬁb(E—zx)]

Ex—E_4\ _ —E_a+Es
(2 2) -0
(i(Ea + E—a)) _ _i(_E—oc — EDC) _ i(Ea + E—oc)
V2 B V2 V2
$(iHy) = —i(—Hy) = iHy
K];;, je negativné definitni

Ey—E_y Eo—E_q
K ) — K(Ea E—
\/E ' \/E > ( o 0()
K E(”‘ ?Ff‘“, l)(E"‘( \%E‘;) )): 0 sgn = (0,2,0) pro volbu K(Ey, E_y) > 0
i(Ex +E_y) i(Ex +E_,
K , — K(Ea E—
\/i \/E ) ( o tX)

= sgn I<|gkompl = (0,1,0).

Véta 1. (Weyl) Bud g redlnd poloprosté Lieova algebra, G ji odpovidajici souvislé a jednoduse
souvisla Lieova grupa. Pak G je kompakini < Killingova forma g je negativné definitni. Bez
dikazu.
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