
1 Reálné formy komplexnı́ch poloprostých algeber

Mějme poloprostou reálnou algebru g, gC = g ‘R ig = C bR g. Z gC lze zpetně najı́t g:

ϕ : gC Ñ gC : ϕ(u + iv) = u ´ iv, @u, v P g ñ g = tX P gC|ϕ(X) = Xu.

Poznámka 1. Vlastnosti ϕ:

1. ϕ ˝ ϕ = id ñ je involutivnı́,

2. ϕ(λX) = λϕ(X), ϕ(X + Y) = ϕ(X) + ϕ(Y) ñ je antilineárnı́,

3. ϕ
(
[u1 + iv1, u2 + iv2]

)
= ϕ

(
([u1, u2] ´ [v1, v2])+ i ([v1, u2] + [u1, v2])

)
= ([u1, u2] ´ [v1, v2])´

i ([v1, u2] + [u1, v2]) = [u1 ´ iv1, u2 ´ iv2] =
[
ϕ(u1 + iv1), ϕ(u2 + iv2)

]
ñ automorfismus.

Tj. reálná forma g komplexnı́ algebry gC nám určuje involutivnı́ antilineárnı́ automorfismus ϕ.

Naopak, mějme gC a jejı́ involutivnı́ antilineárnı́ automorfismus ϕ. Pak g = tX P gC|ϕ(X) =
Xu nám zadává reálnou podalgebru gϕ v gC : (gϕ)C = gC.

Důkaz. Máme ϕ : gC Ñ (gC)R, dimR(gC)R = 2 dimC(gC)R. Uvažujme ϕ|(gC)R
: (gC)R Ñ

(gC)R, ϕ2 = 1 ñ σ
(

ϕ|(gC)R

)
= ˘1, takže

(gC)R = ker
(

ϕ|(gC)R
´ 1

)
loooooooooomoooooooooon

g

` ker
(

ϕ|(gC)R
+ 1

)

ñ X P g ñ ϕ(X) = X ñ ϕ(iX) = ´iX ñ iX P ker
(

ϕ|(gC)R
+ 1

)
ñ obě

jádra majı́ stejnou dimenzi a násobenı́ i zobrazuje jedno na druhé ñ dimR g = dimC gC, gC =
g ` ig a platı́: @X, Y P g, ϕ

(
[X, Y]

)
= [ϕ(X), ϕ(Y)] = [X, Y] ñ @X, Y P g, [X, Y] P g.

Přı́klad 1. sl(l + 1, C), ϕ : sl(l + 1, C) Ñ sl(l + 1, C):

• ϕ(A) = A . . . g = sl(l + 1, R)

• ϕ(A) = ´A+ . . . g =
␣

X P sl(l + 1, C)
ˇ

ˇ´X+ = X
(

= su(l + 1)

• ϕ(A) = ´JA+ J, kde J = diag(1, . . . 1
loomoon

p

, ´1, . . . , ´1
looooomooooon

q

):

ϕ(ϕ(A)) = J
(

J
(

A+
)+ J

)
J = A

ϕ
(
[A, B]

)
= ´J[A, B]+ J = J

[
A+, B+

]
J =

[
´JA+ J, ´JB+ J

]
= [ϕ(A), ϕ(B)]

. . . g =
␣

X P sl(l + 1, C)
ˇ

ˇ´JX+ J = X
(

= su(p, q), p + q = l + 1.

Uvažujme komplexnı́ poloprostou Lieovu algebru g vyjádřenou ve Weyl-Chevalleyho bázi,
tj.:

g = spantHαuαP∆p `
˙ă

αP∆

spantEαu,

[H, Eα] = α(H)Eα, H P spanRtHαuαP∆p = h ñ @α P ∆, α(H) P R

[Eα, E´α] = K(Eα, E´α)
looooomooooon

PR

Hα,

[Eα, Eβ] = NαβEα+β, Nαβ P Z, N(´α)(´β) = ´Nαβ.
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Označı́me

gsplit := spanRtHαuαP∆p `
˙ă

αP∆
spanRtEαu.

gsplit je reálná forma g, tj. ϕ(Hα) = Hα, ϕ(Eα) = Eα, @Hα, Eα P gsplit,. Zjistı́me signaturu
Killingovy formy K pro gsplit (Killingova forma je dobrá pro rozlišenı́ reálnych algeber).

K(H, Eα) = 0 protože h K spantEαu

K|h je pozitivně definitnı́

K(Eα, Eβ) = 0, α + β ‰ 0

Eα, E´α :
(

K(Eα, Eα) K(Eα, E´α)
K(E´α, Eα) K(E´α, E´α)

)
=

(
0 λ
λ 0

)
, kde λ ‰ 0 . . . sgn = (1, 1, 0)

ñ sgn K|gsplit
=

(
l + n´l

2 , n´l
2 , 0

)
. Dále prozkoumáme

gkomp := spanRtiHαuαP∆p
looooooooomooooooooon

ih

`
˙ă

αP∆+

span
"

Eα ´ E´α
?

2
,

i(Eα + E´α)
?

2

*

.

@Hα, Eα P gkomp, ϕ(Hα) = ´Hα, ϕ(Eα) = ´E´α. Zřejmě platı́ taky ϕ2 = 1. Dále máme:

ϕ
(
[Hα, Hβ]

)
= [ϕ(Hα), ϕ(Hβ)] protože [Hα, Hβ] = 0

ϕ
(
[Hα, Eβ]

)
= β(Hα)

loomoon

PR

ϕ(Eβ) = ´β(Hα)E´β = [Hα, E´β] = [ϕ(Hα), ϕ(Eβ)]

ϕ
(
[Eα, Eβ]

)
= Nαβϕ(Eα+β) = ´NαβE´α´β = N(´α)(´β)E´α´β = [´E´α, ´E´β] =

= [ϕ(Eα), ϕ(Eβ)]

ϕ
(
[Eα, E´α]

)
= K(Eα, E´α)ϕ(Hα) = ´K(Eα, E´α)Hα = ´[Eα, E´α] = [´E´α, ´Eα]

= [ϕ(Eα), ϕ(E´α)]

ϕ

(
Eα ´ E´α

?
2

)
=

´E´α + Eα
?

2

ϕ

(
i(Eα + E´α)

?
2

)
=

´i(´E´α ´ Eα)
?

2
=

i(Eα + E´α)
?

2
ϕ(iHα) = ´i(´Hα) = iHα

K|ih je negativně definitnı́

K
(

Eα ´ E´α
?

2
,

Eα ´ E´α
?

2

)
= ´K(Eα, E´α)

K
(

Eα ´ E´α
?

2
,

i(Eα + E´α)
?

2

)
= 0

K
(

i(Eα + E´α)
?

2
,

i(Eα + E´α)
?

2

)
= ´K(Eα, E´α)

,

/

/

/

/

/

/

.

/

/

/

/

/

/

-

sgn = (0, 2, 0) pro volbu K(Eα, E´α) ą 0

ñ sgn K|gkompl
= (0, n, 0).

Věta 1. (Weyl) Buď g reálná poloprostá Lieova algebra, G jı́ odpovı́dajı́cı́ souvislá a jednoduše
souvislá Lieova grupa. Pak G je kompaktnı́ ô Killingova forma g je negativně definitnı́. Bez
důkazu.
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